The paper provides conditions that guarantee existence and uniqueness of classical solutions for a non-local conservation law on a ring-road with possible nudging (or "look behind") terms. The obtained conditions are novel, as they are not covered by existing results in the literature. The paper also provides results which indicate that nudging can increase the flow in a ring-road and, if properly designed, can have a strong stabilizing effect on traffic flow. More specifically, the paper gives results which guarantee local exponential stability of the uniform equilibrium profile in the 2 L state norm even for cases where the uniform equilibrium profile in a ring-road without nudging is not asymptotically stable and the model admits density waves. The efficiency of the use of nudging terms is demonstrated by means of a numerical example.
Introduction
Non-local traffic flow models with Partial Differential Equations (PDEs) are based on extensions of the well-known Lighthill-Whitham-Richards model (LWR model, see [19, 22] ), where the speed is given by a non-local term. These models fall into the class of non-local conservation laws (see [5] ) and possess some different features compared to the LWR model. Arrhenius "look-ahead" terms were considered in [24, 17, 18] as a result of stochastic microscopic dynamics, and it was shown that such models can develop shocks (and shock waves) in finite time. On the other hand, the fact that human drivers and automated vehicles adjust the vehicle speed based on a perception of downstream density, rather than the local density, motivated some researchers to express the perceived density by means of non-local (convolution) terms. Such models were studied in [2, 3, 4, 8, 14, 15] , and it was shown that they may be producing smooth solutions.
In the era of automated vehicles, the real-time information fed to each vehicle on a road is exploited for the appropriate adjustment of the speed of the vehicle. In contrast to manual driving, this information may include upstream density data, in addition to downstream density data. Note that human drivers base their driving decisions only on the perceived downstream traffic state, something that leads to the celebrated anisotropy principle in traffic flow modeling [7] . The possible beneficiary role of the use of upstream density data was pointed out in [21] , where the effect of the upstream density data on the speed adjustment was termed as "nudging". Such an effect was also studied in [17] (without reference to automated vehicles), where an Arrhenius "look-behind" non-local term was used for the mathematical expression of the use of upstream density data.
The selection of the nudging term for automated vehicles can be considered as a feedback design problem. Data are fed into the automated vehicles, based on which the vehicles adjust their speed. In other words, the density profile of the road changes over time, and this change is fed back to each automated vehicle. From a mathematically perspective, the use of upstream density data should not be performed in an arbitrary way, but so as to satisfy conditions for existence and uniqueness of solutions, together with further requirements for the closed-loop system (e.g., stability, optimality, etc.). It should be noticed here that the feedback design problem for the expression of "nudging" or "look-behind" effect can be considered as a special feedback design problem for non-local, hyperbolic PDEs (see [6, 13, 16] ). However, this specific feedback design problem is different from other traffic control problems studied in the literature (see [11, 12, 25, 26, 27] ).
The present paper answers these questions for a ring-road. We first present conditions which guarantee existence and uniqueness of classical solutions for a non-local conservation law with possible nudging terms (Theorem 2.3 and Theorem 2.4). The obtained results are novel, as they are not covered by the results in [2, 3, 4, 8, 14, 15] , where either the use of upstream density data is not allowed or a ring-road is not studied. In addition, the present paper studies the effects of nudging and it is shown that:
(i) nudging can increase the flow in a ring-road at any density value;
(ii) if properly designed, nudging can have a strong stabilizing effect on ring-road traffic. Indeed, we present results (Theorem 3.2) which guarantee local exponential stability of the uniform equilibrium profile in the 2 L state norm even for cases where the uniform equilibrium profile in a ring-road without nudging is not asymptotically stable and the model admits density waves. The existence of travelling waves for non-local conservation laws was studied in [23] , where it is shown that travelling waves may occur even in non-local conservation laws.
The structure of the paper is as follows. Section 2 of the paper is devoted to the presentation of the non-local traffic flow models which are studied in the paper; moreover, the statements of the existence and uniqueness results for non-local traffic flow models are also given in Section 2. The effects of nudging on ring-road traffic are studied in Section 3. Illustrative numerical experiments are presented in Section 4, where the strong stabilizing effect of nudging is demonstrated. All proofs of the main results are provided in Section 5. Finally, concluding remarks are given in Section 6, and the Appendix contains the proof of an auxiliary result.
Notation. Throughout this paper, we adopt the following notation. for all x .  Let ( , ) X Xd be a compact metric space and let ( , ) Y Yd be a given metric space. By 0 ( ; ) C X Y we denote the set of continuous mappings :
Non-Local Traffic Flow Models
Many non-local PDE traffic flow models which have appeared in the literature (see [2, 3, 4, 8, 14, 15] ) have the form As a farther generalization, when automated vehicles are present on a highway, there may be a benefit by allowing the vehicle speed to depend on upstream density levels as well. Such an effect has been termed in the literature as "nudging" (see [21] ) or "look-behind" effect (see [17] ). In this case, the speed may be given by a relation of the form  ++  →  may be designed so that the traffic flow behavior of system (2.1), (2.3) has specific characteristics, e.g., so that the equilibrium point gives maximum flow of vehicles and is globally asymptotically stable. It is clear that in such a case the design problem for : g ++  →  and :  ++  →  is strongly reminiscent of the feedback design problem for control systems. Therefore, there is an interest to understand traffic flow models of the form (2.1), (2.3). The first thing that we need to understand is the set of properties that all the functions described above must possess in order to have a well-defined system with solutions that have physical meaning (e.g.,
have to be positive).
In this paper, we study traffic flow models on a ring-road; hence we impose the periodicity condition
Moreover, we allow the density-speed relation to be of the form is the function defined by the equations:
Then we say that the family N K smoothly approximates the mapping
The class of mappings 0 ( ( ); ( )) K C Per Per    which can be approximated smoothly by a parameterized family N K is closed under multiplication and addition. More precisely, we have the following lemma, which is proved in the Appendix. (2.4) . This is achieved by the following theorem, which is the second main result of the paper. Finally, suppose that the restrictions of ,: It may be seen that the flow values are increased, and the critical density is increased as well. It should be noted that Fig.1 is typical for many combinations of functions , fg with the characteristics required by the physics of traffic flow, i.e., 
Controlling Non-Local Traffic Flow Models
Since the set of rational numbers is dense within the reals, it follows that we can never be sure about the existence or not of such solutions (no matter how accurate is the measurement of (0,1]
 
).
In such cases, if properly designed, nudging can improve the stability properties of the system. This is shown by the following result. 
Then there exists a constant 0 c  such that the unique solution 
, depends on the whole density profile of the ring-road. Such a term has no meaning when the vehicles are driven by human drivers. However, when automated vehicles are present in a highway, then such a term can be implemented by providing continuously information for the density profile to each vehicle. In such a case, the effect of nudging is not only the increase of the flow, but also the elimination of the well-known stop-and-go waves (see [1] ).
(v) The proof of Theorem 3.2 makes use of estimate (2.16) and the functional
. This functional, defined on the set of functions
, is a non-coercive Control Lyapunov Functional for the control system (2.1),
For non-coercive Lyapunov functionals, the reader can consult [9, 20] . It is possible that the use of other Lyapunov functionals can give less demanding conditions than (3.2) for exponential convergence to the uniform equilibrium point ( ) 0
x    .
Illustrative Examples
In this section we present some numerical examples that demonstrate the advantages and the stabilizing effects of nudging in comparison with the "look-ahead" model (2.1), (2.2) and the LWR model
Hence, we consider the three models displayed in Table 1 on a ring road (2.4) with initial density profile Notice that the initial condition corresponds to a road with congestion belt at [0.5, 0.75] with the same uniform equilibrium for all three models given by
. It should also be noticed that while all models have the same equilibrium, they do not possess the same fundamental diagram and the free road speed for Model 1 and Model 2 is 60% higher than the free road speed in Model 3. We have used two different values for the upstream horizon: 
is faster compared to the other models. This feature can also be verified in Figure 3 , which depicts the evolution of the 2 L norm of 11 the deviation from the equilibrium ( ) 
The density waves for Model 2 and the density profiles for all other models are displayed in Figure 4 . Figure 5 depicts again the evolution of the 2 L norm of the deviation from the equilibrium ( ) 
Proofs of Main Results
The proof of Theorem 2.3 requires a technical result, whose proof is simple and is omitted. Then the following estimate holds:
We are now ready to give the proof of Theorem 2.3. . Definition (5.9) and property (2.10) imply that
Proof of Theorem 2.3:
Using (5.3), (5.5), (5.12), (5.13), (5.14) and the fact that
km =+ (a consequence of (5.6)), we get:
Consequently, (5.13) holds for 1 k + and this completes the induction step.
Next define
and notice that (5.4) and definition (5.15) imply that
. Using (5.3) and definitions (5.15), (5.16) , we obtain the following equations: 
Moreover, we obtain from (2.8), (5.13), (5.16), (5.18), (5.21) and the facts that
We define the functions ( , ; ) . We get:
)( ) ( ( ( , ; )))( ) ( ( ( , ; )))( ) ( , ; ) it follows from (5.32) that all terms in the right hand side of the above inequality can become arbitrarily small for sufficiently large q . Therefore, (2.5) holds for ( , ) converge uniformly on [0, ] T  to the periodic extensions with respect to x (with period 1) of ,, yg , respectively. We will denote by ,, yg the periodic extensions with respect to x (with period 1) of ,, yg (again a slight abuse of notation).
We next show that ( , ) 
In the above derivation, we have used the facts that : 
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The differential inequality (5.58 
Using the above estimate we obtain for all ,
( ) Per
 and x  ( ) 
Notice that definition (5.59) implies the following equation for all () Per   and x : 
The Cauchy-Schwarz inequality and the fact that 
for all x  and () Per   , we conclude from (5.62), by using the same arguments as above (for the derivation of (5.61)), that there exists a constant 0  which satisfies the following estimate for all , ( ) 
Notice that since ,  are non-negative and non-increasing functions, it follows from identities (2.10), (5.71 
which are direct consequences of (5.66), (5.67), (5.70), (5.71) as well as the fact that ,  are nonnegative and non-increasing functions, we obtain: (1) (1)
The above estimates directly imply the validity of (2.9) for [ , ]  ++  →  . Indeed, using (5.72) and the fact that  is a non-negative and non-increasing function, we get: (1) (2 Indeed, using (5.74) and the fact that  is a non-negative and non-decreasing function, we get: and definition (5.64) in conjunction with the above inequality, we get: (1) (3) (2) 3 3
where 0 ba  are any numbers for which (1) (2)
, , ,
. Using (5.88) and its direct consequence
in conjunction with (5.92), we get: Evaluating the integrals in the right hand sides of (5.105), (5.106) and using the fact that ,  are non-negative and non-increasing functions, we get: 
Consequently, using the fact that ( ) ( ) for all 0 t  . The previous inequality in conjunction with (5.115) implies estimate (3.9). The proof is complete.
Concluding Remarks
The paper provided indications about the stabilizing effect of nudging in a ring-road when nudging is expressed by means of (2.3). However, Lemma 2.2 and the proof of Theorem 2.4 indicate that it is also possible to study more complicated speed adjustment feedback laws of the form 
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